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Group-Theoretic Approach to the Conservation
Laws of the KP Equation in Lagrangian and
Hamiltonian Formalism
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The conservation laws—precisely speaking, the basis of the conservation laws—
are obtained through the use of Noether’s theorem, Lie symmetry, and a theorem
due to Ibragimov. Though in principle for each generator of Lie symmetry there
should be a different conserved vector, due to the closed Lie algebra generated
by the generators, some of these vectors become no longer independent. The
theorem of Ibragimov is used to construct a basis in the case of the KP equation
in three dimensions. It is then shown how the same analysis can be performed
through the Hamiltonian formalism.

1. INTRODUCTION

From the beginning of the study of nonlinear equations, Lie symmetry
has played a dominant role in analyzing their properties (Ames, 1972). Lie
point symmetry has been especially used for obtaining the similarity solu-
tions and conservation laws (Rund and Lovelock, 1975). Actually, for
equations derivable from a variational principle the Noether theorem yields
a link between the symmetry generators and conservation laws. On the other
hand, symmetry generators always obey a closed Lie algebra. It was pointed
out by Ibragimov (1969) that due to this underlying algebraic structure of
the symmetry generators, the Noether theorem does not always lead to
independent conservation laws. In the following we will discuss the basic
theorem of Obragimov and apply it to study the group-theoretic properties
of the conservation laws associated with the KP equation. Though the Lie
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symmetry of KP was obtained previously and its relation to Kac-Moody
algebra discussed in (Winternitz et al., 1985), the group-theoretic study of
the conservation laws has yet to be done. Some properties of these conserva-
tion laws were given by Infeld (1981).

2. FORMALISM

Before proceeding to the actual calculation, let us review the basic
formalism laid down in Ibragimov (1969). Suppose the evolution equation
under consideration reads

ul =f(u’ x’ t’ uxa uxx, . ')
Then the Lie-Backlung operator is written as

PR 3
X=t2tnityg, . —% 1
e P Y G P (1)

where u; denotes ou/dx; and the ¥, are computed according to
G = DiD;+ - Do — Ew) + £ i (2)

In these equations D; denotes total derivative with respect to the ith
coordinate, . '

a

d d
3x; du ou;,
The Noether operator is then constructed as follows:
N'=g'+(n— £ ){i+ L (1D,
n ' ou; =1 hmjs&ui,jl...,r;r
+ 2 DDy, - Di(n _flul)[
r=1 Uik,
+ 5 (-1)D,, ——— ]} “@
s=1 Uk i

The conserved vector is then obtained by operating with N’ on %, that is,
C'=N'(%) (5)

is a conserved vector, satisfying D;(C’')=0. Let us now suppose that the
different generators of Lie symmetry pertaining to a particular nonlinear
equation are X, i=1,...,n, and they generate a Lie algebra ‘L’. If we
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denote the conservation laws corresponding to each X; as C’, then we can
state the basic assertion of Ibragimov as follows:
If, from the Lie algebra ‘L’ we have the relation

[Xi, X;1=C (6)

then the conserved vectors C' and C* are equivalent in the sense that
X:(C)=C; +total derivative terms (7)

where X, is an operator constructed from X, according to |

Xi=X,—&D;=7%0/ou+- - -
(8)

7 =n* - u
If equation (6) is written as

ad X,(X;)= X, )
then the following commutative diagram must be true:

ad X,

X; l X
N/ ) N*
G—F—"G

Thus, the above theorem dictates that the two conservation laws C; and C;
are not independent. In the following we will use this theorem repeatedly
in the case of the KP equation.

3. THE KP EQUATION

The KP equation is written in potential form as
(u,+ Ui+ i) +iou, =0 (10)
which can be generated from the Lagrangian

=1 1.3 1.2 3 .2
a(Z"’2utux_‘_4ux‘Su)cx-i_so'uy (11)
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The symmetry generators of (10) are
a a d
X, =t —+(xt* —50p*t)—+2y1*—
A=t (6t =50y t) =+ 2y P

+(3x2t—2u12—§ay2x)i

3 9 ou

d(2 y 0 0 d
X =t2—(~xt——0' 2)-+ $x? = Sut)—+3yt—
B 3t\3 Y 5 3 )au 3y ay

9 dx
8 1. 3 2 9 2 4
Xe=t—+-x—+-y——~u—
ot 3 9x 373y 3 du
a
Xp=—
P ot
4 d 0o 8 0
Xg=—Topt—+1r———oyx—
By T e T 9 P
2 93 ad
Xi=—zoy—+1t— 12
k 30'yax ay (12)
4 a 2 9 d d
Xp=—, Xu=t—+>x—, Xy=—, Xp=—
t ay M7 ax 37 gu N ax P ou

The commutation rules and the Lie algebra generated by these are given
in Table L.

Now, following Infeld (1981), we construct the (x, y, ¢} components of
the Noether operators and apply them to £ to get the (X, y, t) components
of the conserved vectors C. Here we use the following notation:

N =ith component (i=x, y, or t)

corresponding to the operators X, (13)
Then we get
N3(&L) = Cx = —3ul + 5 Ui — o T3 U7
NW(&F)=Ck =—3ouu, (14)
NN(&)=Cly=—3u;

Similar computations can also be performed for other generators. But we
now try to visualize the group properties with the help of Table I.
Note that

[XM, XN]‘_‘%XO [XD, XE]=_2X1< (15)
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Table . Commutation Rules for the Generator®

A B c D E K L M N P
A 0 Xup Xauc —-3B Xig Xax —2E 2xt%p Xun 2%
B 0 -B-3 -2C Xgpe -1E —4E Xpn -IM i
C 0 -C Xer iK ~iL M -UN -iN %
D 0 Xpe L 0 N 0 0
E 0 Xex 30M 0 Soyp 0
K ZgN ~4ayp 0 0
L 0 0 0 0 0
M 0 2p 0
N 0 0
P 0

“The Xs are given as follows:
Xap=3tX4—~30°yyXn +31°Xp
+[~40*y*+(80/27) oy’ xt +3x>*1X
Xac=—2X,+(8/2T)oy*xXp —3x*tX,
Xag = —1Xp+30yXy, +30y(3xt —§0y) X,
Xan =2tXp —Soy(dx~ 1) Xp
Xpn=51Xp — Xy - (8/27)0')’2XP

Applying the above theorem, we can say (TDT = total derivative terms)
— 16

from which we infer that Cp and Cg can be constructed from Cy and Cg.
We also have

[XD: XK] =X,

so that C, can be constructed by operating with X, on Cx, which is known
from equation (8). That is,

Xp(Ck)=Cy 17)

Thus, from the knowledge of Cy and Cr we can manufacture Cp, Cg
and C;.

Next let us consider the commutation relations with X, which have
the following implications according to the above theorem:

[Xc, Xal=2Xs—50y*xXp +3x°tXp (18a)
implies = X,(Cc)=2C,~(Foy’x—3x"t) X,
[Xc, Xpl=Xp+5x°Xp (18b)
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implies = X3(Cc)=Cy+#x°Cp

[Xe, Xpl=—Xp (18¢c)
implies = Xp(Cc)=-Cp
[Xc, Xe1=35Xe -5 0yxX, (18d)
implies = Xg(Cc)=%Cr—%0yxCp
[Xc, Xk 1=3Xk (18¢)
implies = Xg(Co)=1iCk
[Xc, X 1=-3X, (18f)
implies = X,(Cc)=-3C.
[Xc, Xu]=Xu —3tXn (18g)
implies = Xu(Ce)=Cp—3tCx '
[Xc, XN]=‘%XN (18h)
implies = Xn(Cc)=-3iCn
[Xc, Xp]=5Xp (18i)

implies = Xp(Cc)=3Cs

Thus, if we know X and the corresponding current C., all the other
currents can be constructed via the Ibragimov theorem and the operators

X; correspondingtoi=L, M, N, P, E, A, B, D, and K. So we can positively
conclude that {C} is the basis of all the conservation laws.

4. COMPUTATIONS AND OTHER INFERENCES

In the above analysis we have obtained the basis of the conservation
laws by the use of a theorem due to Ibragimov for the KP equation. The
analysis indicates that it is sufficient to use Noether’s theorem only once
to calculate the conservation law in the case of the generator X and obtain
the other laws via the operator X;. Here we analyze by direct calculation
the other consequences of the theorem in relation to the group-theoretic
properties of the conservation laws.

(i) First let us consider three operators X,, X,, and C, such that
[ X3, X.1=0; then it follows from the above that

Cacb = Cabc with szbc = XCX_b(CL) (19)

We can verify this very easily, but to simplify the calculation, let us take a
particular example. From the commutation table we have

[Xe, Xp]1=0 (20)
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So we consider

C%{ML=XL(C3<M)
=-y i(‘—‘o-yu —2oytuu
yau 9 x 3 xYxx

-1 tu, —%tzuyuxx +%t2uxuxy
=~ 30y, + 0Pttty + 3 YUy
ity + 3, =30uu . — 30U, — 3, (21)
On the other hand, .
C?;(LM = XM ( C;(L)
2 é 2 1 1
=5(x— tux)gz; Goyuau,, +3tuu,, +3tuu,,)
=30y, G- ) Hioyu(—tu.,)
ot (— ) 310, (—1u,)
+3tuy, (3= fuee) T 300, () (22)

which can be seen to be equal to the expressions in (21).

(ii) Next let us consider two generators that do not commute with each
other. Say we have two generators X, and X, such that [X,,, Xgl=AX,;
then from the Ibragimov theorem it follows that

vap — Cpa = AX5(C}) (23)

For example, from Table I we have [C, N]=1N and from the basic con-
servation law C¢ we can construct C),. In this computation we only consider
the third component of C,,. It is not difficult to see that

Cl =4xu, —in? (24)
So
mc =X (Cy) = 3x(—uy — tuy, — 33U —3yus,)
+ tu (u, + tu,, + 30+ Iyuy,)
Hence

3 -V 3 1 1
Cumen = Xn(Cric) = 3XUy +31XU,
1..2 2 2 2
+§x Usexx +§xyuxxy - 2tuxuxx U Ul T U Uy,

1 2 1 2 2
T3XIU S — 3XEY Uy _§ytuxyuxx _§ytuxuxxy : (25)
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On the other hand, we have
CZI’,V!N = XM(C3) = _%xuxx + tuxuxx
?\/INC = XC ( C?\/IN) = gxuxx +%l_"‘:tutxx +%x2uxxx

2 2 1 2
+§xyuxxy ~ By~ U — 3 XU

— S Yttty — 5 U U — P U Ui (26)
Thus we have
Ciuen = Cune = =~ § Xty +5 1l
=3 Xn(Ch) (27)

The main idea of these computations is that repeated application of X; does
not always generate new conservation laws.

(iii) Finally, it can be inferred that only those conservation laws are
independent that are generated from two operators that commute between
each other. In the present case, since no generator commutes with X, we
have no such set in this case.

5. THE HAMILTONIAN APPROACH

. Though we have deduced our main results, here we indicate another
approach in which some of the above results can also be derived. In the
Hamiltonian framework the KP equation is obtained as

8U,/6t=—06H/8u
where
H=}ul+3oul—¢ul, (28)
We will use here an elegant formalism of Olver, in which he showed how
one can manufacture integral invariants (the time component of the conser-
ved vector) through the use of the basic two-form ) and the Hamiltonian

H.
The basic two-form () is written as

Q=du, rdu (29)

We then evaluate the inner product of the vector field X, with Q. For
example,

v=on=Xn Q= (~u, ou) ldu, rdu=d*(—1u?)
Chum wasi= Xpy 1 0 = d*(— b1 =)
Ci=wp=X,J1Q=d*(-juu,) (30)

Co=wp=Xg JQ=d*Goytu’—;uu,+5oyu)
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Now, to derive the classification scheme, we consider the different situations
when (i) [ Xg, X ]1=0 and (ii) [ X, X, ]#0.
(i) When [Xg, X5, ]1=0, we get

wploy 1) =0y Josg(Q)+Hwp, 0rp]10 (31)

Now, by definition, the basic two-form () is an integral invariant and hence
X, 4 is another integral invariant.
(ii) For the case [ Xg, X ]# 0 we get, for example, for X and Xy,

[Xc, Xp1=Xy ~3tXn (32)
We then get
welwy 1) =oy(oc Q)+ oe, wp] 10O
=W —310 N
Similarly, for [Xg, X;]=%0X,, we get
wp(lop 1Q)=0(wp 1Q)+H o, 0] 1Q
:%UWM' (33)

So the new integral invariants will contain a part of the old ones, and, as
before, the dependence of the conserved quantitites can be ascertained.

6. DISCUSSION

In the above analysis we have obtained the minimal set of conserved
vectors for the KP equation. The analysis also indicates how and when one
can expect to generate independent conserved quantities.
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